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A SHORT AND ELEMENTARY PROOF FOR A DOUBLE SUM OF
BRENT AND OSBURN
HELMUT PRODINGER
We present here a completely elementary derivation of a recent formula of Brent and
Osburn [1]:
S :=
∑
i
∑
j
(
2n
n+ i
)(
2n
n+ j
)
|i2 − j2| = 2n2
(
2n
n
)2
.
First, in order to get rid of the absolute value, we can rearrange the sum:
S = 2
∑
i≥0
∑
−i≤j≤i
(
2n
n + i
)(
2n
n+ j
)
(i2 − j2) + 2
∑
j≥0
∑
−j≤i≤j
(
2n
n+ i
)(
2n
n+ j
)
(j2 − i2)
= 4
∑
i≥0
∑
−i≤j≤i
(
2n
n + i
)(
2n
n+ j
)
(i2 − j2).
Writing i2 − j2 = −(n− i)(n + i) + (n− j)(n+ j), we can continue:
S
4(2n)(2n− 1)
= −
∑
i≥0
∑
−i≤j≤i
(
2n− 2
n− 1 + i
)(
2n
n + j
)
+
∑
i≥0
∑
−i≤j≤i
(
2n
n+ i
)(
2n− 2
n− 1 + j
)
= −2
∑
0≤j≤i
(
2n− 2
n− 1 + i
)(
2n
n+ j
)
+
(
2n
n
)∑
i≥0
(
2n− 2
n− 1 + i
)
+ 2
∑
0≤j≤i
(
2n
n + i
)(
2n− 2
n− 1 + j
)
−
(
2n− 2
n− 1
)∑
i≥0
(
2n
n + i
)
= −2
∑
0≤j≤i
(
2n− 2
n− 1 + i
)[(
2n− 2
n+ j
)
+ 2
(
2n− 2
n− 1 + j
)
+
(
2n− 2
n− 2 + j
)]
+ 2
∑
0≤j≤i
[(
2n− 2
n+ i
)
+ 2
(
2n− 2
n− 1 + i
)
+
(
2n− 2
n− 2 + i
)](
2n− 2
n− 1 + j
)
−
(
2n− 2
n− 1
)∑
i≥0
(
2n
n+ i
)
+
(
2n
n
)∑
i≥0
(
2n− 2
n− 1 + i
)
= −2
∑
0≤j≤i
(
2n− 2
n− 1 + i
)(
2n− 2
n+ j
)
+ 2
∑
0≤j≤i
(
2n− 2
n− 2 + i
)(
2n− 2
n− 1 + j
)
+ 2
∑
0≤j≤i
(
2n− 2
n + i
)(
2n− 2
n− 1 + j
)
− 2
∑
0≤j≤i
(
2n− 2
n− 1 + i
)(
2n− 2
n− 2 + j
)
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−
(
2n− 2
n− 1
)∑
i≥0
(
2n
n+ i
)
+
(
2n
n
)∑
i≥0
(
2n− 2
n− 1 + i
)
= 2
(
2n− 2
n− 1
)∑
i≥0
(
2n− 2
n− 2 + i
)
− 2
(
2n− 2
n− 2
)∑
i≥0
(
2n− 2
n− 1 + i
)
−
(
2n− 2
n− 1
)∑
i≥0
(
2n
n+ i
)
+
(
2n
n
)∑
i≥0
(
2n− 2
n− 1 + i
)
=
n
4(2n− 1)
(
2n
n
)2
.
The last formula follows from the elementary∑
i≥0
(
2n
n + i
)
=
1
2
[
4n +
(
2n
n
)]
.
It is not even necessary, since, with
X :=
∑
i≥0
(
2n− 2
n− 1 + i
)
,
the last expression equals
2
(
2n− 2
n− 1
)[(
2n− 2
n− 2
)
+X
]
− 2
(
2n− 2
n− 2
)
X
−
(
2n− 2
n− 1
)[
4X −
(
2n− 2
n− 1
)
+
(
2n− 2
n− 2
)]
+
(
2n
n
)
X
=
(
2n− 2
n− 1
)[
2
(
2n− 2
n− 2
)
+
(
2n− 2
n− 1
)
−
(
2n− 2
n− 2
)]
=
(
2n− 2
n− 1
)(
2n− 1
n− 1
)
.
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